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Abstract

Among the 230 crystallographic space groups, we find
there are more than 4000 physically irreducible rep-
resentations (irreps) that arise from k points of sym-
metry. These irreps map the space-group elements
onto only 132 different images. These images are
listed, and their group-subgroup relations are given.
Images which are active in the Landau theory of
continuous phase transitions are also indicated.

Group-theoretical methods provide a powerful tool
in solid-state physics. The irreducible representations
(irreps) of space groups are of central importance in
these methods. We recently (Stokes & Hatch, 1984,
1985; Hatch & Stokes, 1984, 1985a, 1985b, 1985c;
Kim, Hatch & Stokes, 1986) used group-theoretical
methods in the Landau theory (Landau & Lifshitz,
1980) of continuous phase transitions in solids. In
this theory, a phase transition is driven by an irrep
of the parent space group. We obtained a listing of
all possible symmetry changes in such phase transi-
tions to commensurate structures. To do this, we
needed the irreps of the space groups.

Each irrep consists of a mapping of space-group
elements onto a set of matrices called the image of
the irrep. Theories which describe physically realiz-
able processes usually require these matrices to be
real. If an image cannot be written in real form (ie.
it is not equivalent to a set of real matrices), a physi-

cally irreducible representation can be formed from -

the direct sum of each matrix and its complex conju-
gate. The resulting matrices are equivalent to a set of
real matrices. In this paper, irrep refers to physically
irreducible representations.

Each irrep of a space group is associated with some
k vector in the first Brillouin zone. We have con-
sidered all of the irreps which arise from k points of
symmetry (points k in the first Brillouin zone which
have higher symmetry than any other point in the
neighborhood of k; see Bradley & Cracknell, 1972).
There are more than 4000 of these irreps among the
230 three-dimensional space groups.

We sorted out the images of these irreps and found
that there are only 132 different images. We list these
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in Table 1. We introduce here our labeling of these
images (Ala, A2a, B3a, etc.; this labeling is in prin-
ciple similar to that in Gufan & Chechin, 1980) and
also give the label used by Tolédano & Tolédano
(1980) and by Mozrzymas & Solecki (1975). We have
selected an irrep as an example of each image. Each
irrep is identified by a space-group number, a space-
group symbol, and an irrep label which follows the
convention of Miller & Love (1967) (see also Crack-
nell, Davies, Miller & Love, 1979). If the irrep is not
real, a direct sum is indicated, showing the physically
irreducible representation. A physically irreducible
representation which is formed from a complex irrep
which is equivalent to its own complex conjugate is
indicated by, for example, P,® (P,)*. A physically
irreducible representation which is formed from a
complex irrep which is equivalent to the complex
conjugate of another irrep is indicated by, for
example, I,® I';, where I'; is equivalent to the com-
plex conjugate of I',.

Although we use the irrep labelling of Miller &
Love (1967), the matrices we choose for the images
are different from their choice in many cases (but still
equivalent to their choice). An explicit listing of our
generating matrices of these images will be given in
a later publication. We have chosen matrices which
give rise to the same set of invariant fourth-degree
polynomials as those given by Tolédano & Tolédano
(1980) and Tolédano, Michel, Tolédano & Brezin
(1985).

We show in Figs 1-6 the group-subgroup relations
among the images. Solid lines indicate an actual
group-subgroup relation for the matrices we have
chosen for the images. Dashed lines indicate that an
image is only equivalent to a subgroup of another
image but not an actual subgroup for the matrices
we have chosen. A different choice of matrices for
the images could change some dashed lines to solid
lines and some solid lines to dashed lines on these
figures.

In Landau theory, an irrep may drive a continuous
phase transition only if it satisfies two conditions,
called the Landau & Lifshitz conditions (Landau &
Lifshitz, 1980). These irreps are said to be active.
Images of the active irreps are also said to be active,
even though irreps which are not active may also
have that same image. In Table 1, we indicate which

© 1987 International Union of Crystallography



82 IMAGES OF PHYSICALLY IRREDUCIBLE REPRESENTATIONS

images are active. For the active images, an example image (E96k). (More details about E96k can be
of an active irrep is given. found in Hatch, Stokes, Kim & Felix, 1986, and in

Our results for active images disagree with Kim, Hatch & Stokes, 1986.) Also, we do not find
Tolédano & Tolédano (1980). They missed five four-  the eight-dimensional image labeled M; by Tolédano
dimensional active images (D32e, D64b, D64d, & Tolédano. (None of the irreps of P6;mc are eight-
D72a, and D144a) and a six-dimensional active dimensional.)

Fig. 1. The group-subgroup relations for the one-, two- and three- Fig. 4. The group-subgroup relations for the six-dimensional
dimensional images. images.

Fig. 2. The group-subgroup relations for some of the four-  Fig. 5. The group-subgroup relations for the eight-dimensional
dimensional images. images.

Fig. 3. The group-subgroup relations for the remaining four-  Fig. 6. The group-subgroup relations for the twelve- and sixteen-
dimensional images. dimensional images.



Table 1. The images of the 230 space groups
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We give our image label, the dimension (dim.) of the matrices, the order of the image (number of distinct matrices), an example of an
irrep with that image, whether or not the image is active, and other labels used for these images in Tolédano & Tolédano (1980) or
Mozrzymas & Solecki (1975). If the image is active, the irrep shown is an example of an active irrep.

Other
Image Dim. Order Example irrep Active label
Ala 1 1 1P1T, no C,
A2a 1 2 2P1T] yes C,
B3a 2 3 143P3,® T no C;
Bda 2 4 18P22.28, & S, yes C,
B6a 2 6 149P312T, no Gy,
Béb 2 6 4IP3r; ® T3 yes Ce
B8a 2 3 75P4 X, yes Cao
B8b 2 8 76P4, A, ® A, no Cg
B12a 2 12 162P31m Iy yes Cov
B12b 2 12 197123 P, ® (P,)* yes Gy,
Bl6a 2 16 91P422 A, no Cg,
B24a 2 24 2111432 P, yes Cizp
Cl12a 3 12 195P23 T, no T
C24a 3 24 200Pm® I’y yes T,
C24b 3 24 207P432 T no T,
C24c 3 24 207P432 M, yes o
C48a 3 48 221Pm3m Iy yes o,
D8a 4 8 61Pbca R} ® (RY)* yes 131
D12a 4 12 218P33n R, ® (R,)* yes 21-1
D16a 4 16 92P42,2A, @ A, no 3111
D16b 4 16 76P4, R, ® R, no 29-1
Di6¢c 4 16 64Cmca R} @ Ry yes 261
Di8a 4 18 150P321 K, ® (K,)* no 331
D24a 4 24 205Pa3 R} ® Ry yes 49-2
D24b 4 24 205Pa3 RY ® (R)* yes 491
D24c 4 24 217133m P, ® (P,)* yes 441
D24d 4 24 204Im3 P, ® Py yes 421
D24e 4 24 222Pn3nR, ® R, yes 481
D32a 4 32 8014, N, yes 59-1
D32b 4 32 43Fdd2 L, yes 58:C1
D32¢ 4 32 22F222 L, yes 561
D32d 4 32 91Pa22R, no 57-1
D32e 4 32 92P4.2 2R, @ R, yes 521
D36a 4 36 159P31c Hy © (H,)* no 62-1
D36b 4 36 150P321 H, ® (H,)* no 631
D36c¢ 4 36 162P31m K, no 641
D4ga 4 48 212P4,32 R, no 772
D48b 4 48 19912,3 P, ® (P)* no
D4gc 4 48 212P4,32 R, ® R, no 771
Dagd 4 48 199123 P, ® (P,)* no 761
D4ge 4 48 299Im3m P, yes 74-1
Dé4a 4 64 8814,/a N{ yes 80-01
D64b 4 64 122142d N, yes 81-01
Dé4c 4 64 70 Fddd L} yes 82-01
Dé4ad 4 64 981422 N, yes 831
D12a 4 72 186 P6;mc H, yes 91-1
D72b 4 72 190P62c H, ® (H,)* yes 85-1
D72¢ 4 72 163P31c H, no 92:1
D72d 4 72 162P31m H, no 88-1
D96a 4 96 196F23 L, yes 95-1
D96b 4 96 21414,32 P, no
D96¢ 4 9 21414,32 P, no
D96d 4 9 2201334 P, ® (P)* yes 981
D128a 4 128 14t14,/amd NY yes 101.01
D144a 4 144 194P6;/ mme H, yes 104-1
D192a 4 192 203Fd3 L} yes 108-01
D192b 4 192 209F432 L, yes 109-01
D192¢ 4 192 210F4,32L yes 110-1
D384a 4 384 227Fd3m L] yes 115:01
E48a 6 48 197123 P, @ (P,)* no
E48b 6 48 218P43n X, @ X, yes Ly
E48c 6 48 198P2,3 M, ® M, no
E9%a 6 96 176P6,/m L, no
E96b 6 96 178P6,22 L, no
E96¢ 6 96 217183m P, ® (P,)* no
E96d 6 9%  223Pm3nX, yes L,
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Other

Example irrep Active label
197123 N, no

207P432 M, no

198P2,3 X no

212P4,32 M, ® M, no

212P4,32 M, no

19912,3 N, no

212P4,32 M, ® M, yes
193P6,/mem L, no

218P43n X, no

204Im3 N7 yes Lg
2111432 N, no

2111432 N, yes L,
215P43m X, yes

205Pa3 X, no

212P4,32 X, no

21414,32 N, no

2141432 N, yes L
223Pm3n X, no

222Pn3n X, no

224Pn3mX, yes L,
196 F23 W, no

202Fm3 W, no

216F43m W, yes L,
209F432 W, yes L,
225Fm3m W, yes L
11014,cd P, © (P,)* no

T31bca W, @ (W))* no

108/4cm N, ® N, no

110I4,cd N, ® N, no

14214,/acd P, ® P, no

184P6cc Hy @ (H,)* no

165P3c1 Hy ® (H,)* no

202Fm3 Ly ® L} yes M,
220133d P, ® (P;)* no

2061a3 P, @ P, no

206Ia3 P, ® (P,)* no

14074/ mem N, no

14214,/ acd N, no
192P6/mcc H; @ H, no

216F43m L, yes M,
203Fd3 Ly @ LT yes M,
210F4,32 L, no

219F33cL, ® L, no

230/a3d Py no

230/a3d P, @ P, no

227Fd3m Ly yes M,
226Fm3cL, no

228Fd3cL, no

205Pa3 M, ® M, no

220I43d N, no

2061a3 N, no

222Pn3n X, ® X, no

230Ia3d N, no

230Ia3d N, no

209F432 W, & W, no

219F43c W, @ W, no

203Fd3 W, no

210F4,32 W, no

225Fm3m W, no

226Fm3c W, ® W, no

226Fm3c Wy no

227Fd3m W, no

219F43¢c L, & (L,)* no

226Fm3cL, ® L, no
228Fd3cL;® L, no

228Fd3c W, @ W, no
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Abstract

A new joint probability distribution of normalized
structure factors is derived for equal-atom structures
in space group P1. From this general distribution, a
series expansion, the conditional joint probability
distribution of the quartet phase sum is obtained,
when restrictive conditions among the reciprocal vec-
tors are imposed. The main difference from existing
quartet distributions is the possibility of enclosing
higher-order terms to any given order of N, although
an approximation employed in the derivation limits
the number of them considerably. The higher-order
terms present are easily employed in the series since
the determination of their explicit appearance has
been automated: a computer program derives the
terms up to a desired order and stores them in a coded
form. In general, the incorporation of selective terms
up to order N * appears to yield sufficient conver-
gence. Only high |E| values or a low N value may
necessitate the use of higher-order terms. Test results
show that, in contrast to results from the quartet
distributions of Hauptman and Giacovazzo, system-
atic estimation errors are hardly present, while
absolute estimation errors are reduced as well.

1. Introduction

Results of Simerska (1956) and Hauptman & Karle
(1953) indicated that the four-phase structure
invariant ¢,,

Yo= @yt @r,t Oy, — Or v Hyt Hyo (1)
also called the quartet phase sum or simply quartet,
0108-7673/87/010084-09%$01.50

lies more probably near zero for larger values of

E4: IEH,EHzEH3EH,+HZ+H3|N_l' (2)
However, in general the triplet relationship
Y= P, t Ol — CH 41, (3)

will be estimated more reliably because the E; values,
which determine the reliability of the triplet estima-
tion, are in general larger than the E, values since
they depend on N "/ only. Therefore, quartets were
not used as such for practical purposes. This changed
when Schenk (1973a) pointed out that quartets can
also be formed by summing two triplets with one
phase in common and he showed in this way that
quartet (1) depends not only on |Ey|, | Ey,), | En,| and
|Epy+ 1+ 1,] but also on the so-called cross terms
|Eni+ tls |Eniy+rsy] and |Ep,.p,). He argued that the
larger the E, and cross-term magnitudes the more
probably ¢, lies near zero. Another important result
of the introduction of this cross-term principle was
that quartets with small cross-term magnitudes could
be predicted to lie near 7 (Schenk & De Jong, 1973,
Schenk, 1973a, b; Hauptman, 1974; Schenk, 1974).
This renewed interest in quartets and the cross-term
principle led to the development of improved joint
probability distributions (j.p.d.’s) for estimating the
quartet phase sum (Hauptman, 1975a,b, 1976;
Giacovazzo, 19764, b) and initiated the development
of the neighbourhood principle (Hauptman, 1975b)
and the representation theory (Giacovazzo, 1977).
The latter theories identify structure factors upon
which the phase sum of a structure (sem)invariant
most sensitively depends.
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